Rotation and shear flows are an ubiquitous features of many astrophysical and geophysical bodies, playing a crucial role in turbulent transport. To understand the complex dynamics in these systems, we provide a consistent theory of turbulence in the presence of shear and rotation. Starting from a quasi-linear equation for the fluctuating fields, we derive turbulence amplitude and turbulent transport coefficients (turbulent viscosity and diffusivity), taking into account the effect of shear and rotation on turbulence. We focus on the two cases where the rotation is perpendicular and parallel to the plane of the shear flow. We show that the shear reduces both turbulence amplitude and transport, more strongly in the direction parallel to the shear than in the perpendicular one, effectively inducing an anisotropic turbulence. The rotation further reduces turbulence amplitude and transport when it is perpendicular to the shear but does not have much effect when it is parallel to the shear. The interaction between the shear and the rotation is shown to give rise to a novel nondiffusive flux of angular momentum (Λ-effect), providing a mechanism for the permanence of shearing structure in astrophysical and geophysical systems. Eddy viscosity tends to become negative for fast rotation and strong shear. Anisotropic transport reduction is also found in turbulent mixing of passive scalars, largely due to shear flow.
Introduction
Rotating turbulent flows can be found in many areas such as engineering (turbomachinery, combustion engine), geophysics (oceans, Earth's atmosphere) or astrophysics (gaseous planets, galactic and accretion disks). large-scale fluid motions tends to appear as a robust feature in these systems, often in the form of shear flows (such as circulations on the surface of planets, differential rotation in stars and galaxies or flows in a rotating machinery), which in turn plays a crucial role in determining turbulence properties and transport, such as energy transfer or mixing (Kim, 2005) . The understanding of the complex interaction among rotation, large-scale shear flows and turbulence thus lies in the heart of the predictive theory of turbulent transport in many systems.
The case of the plane shear flow in a rotating frame has been studied by many authors focusing on its stability both in the laminar and the turbulent cases. In the case of a rotation vectorΩ =Ωe z perpendicular to the plane inhomogeneities such as an underlying stratification (Kichatinov, 1987) .
Another important problem, which have received much less attention, is the effect of rotation and shear on the mixing and transport of scalars (such as pollutants, heat or reacting species). For instance, observations show that the concentration of light elements at the surface of the Sun is smaller than what is expected by comparison with Earth's or meteorites abundance. As these light elements can only be destroyed below the strong shearing region (the tachocline), it is crucial to understand the transport properties of scalars in a rotating sheared layer. Note that studies of passive scalar transport in nonrotating sheared turbulence (Tavoularis & Corrsin, 1981; Rogers et al., 1989) have shown a strong misalignment between the scalar flux and the mean gradient. Thus, gradient-diffusion models are not very appropriate to study the evolution of a large-scale scalar gradient. In comparison, in rotating turbulence, Brethouwer (2005) found that numerical simulation results agree fairly well with linear theory and showed that the scalar flux vector aligned itself in the direction of strongest velocity fluctuation.
The main purpose of this paper is to investigate the effect of rotation and shear flow on the turbulence properties and transport. In our previous works, we have studied the turbulent transport by taking into account the crucial effect of shearing, the so-called shear stabilisation, due to a strong radial differential rotation (Kim, 2005; and also by incorporating the interaction of this sheared turbulence with different types of waves that can be excited due to magnetic fields (Kim & Dubrulle, 2001; Kim, 2006; Leprovost & Kim, 2007) or stratification . Here, we study a (local) Cartesian model concentrating on the two cases where the shear direction and the rotation are perpendicular or parallel to each other. We consider a turbulence driven by an external forcing and perform a quasi-linear analysis to derive the dependence of turbulence amplitude and transport on rotation and shear. Compared to two-dimensional turbulence studied in Leprovost & Kim (2007) , the (average) rotation supports the propagation of inertial waves in three dimensions, which interact with a shear flow, playing an important role in the overall turbulent transport. In particular, we show that the momentum transport is not only due to eddy-viscosity but also to non-diffusive Λ-effect. Non trivial Λ-effect can result from an anisotropy induced by shear flow on the turbulence even when the driving force is isotropic, in contrast to the case without shear flow where this effect exists only for anisotropic turbulence (Kichatinov, 1987) . Furthermore, the eddy-viscosity can change its sign depending on the relative strength of rotation, shear and dissipation. We also examine the effect of rotation on the stability of shear flows.
The remainder of the paper is organised as follows: in §2, we provide the quasi-linear equations for the fluctuating velocity and density of particles in a rotating frame with an arbitrary external forcing. We then proceed to the calculations of the turbulent intensity and turbulent transport in the case where shear and rotation are perpendicular ( §3) or parallel ( §4) to each other. We then discuss our findings in the strong shear limit ( §5) and provide concluding remarks in §6.
Model
Our model is an incompressible fluid in a rotating frame with average rotation rateΩ. The main governing equations are:
∇ · u = 0 .
To simplify notation, we let Ω = 2Ω. In Cartesian coordinates, the Coriolis force can be written as:
Ω × u = Ω −u y sin θ i + (u x sin θ − u z cos θ) j + u y cos θk ,
where i, j and k are the unit vectors associated to the Cartesian coordinates. Ω is chosen to lie in the plane y = 0 and to make an angle θ with the z direction. Following Kim (2005) , we study the effect of a large-scale shear U 0 = U 0 (x)ĵ on the transport properties of turbulence by writing the velocity as a sum of a shear (chosen in the x-direction) and fluctuations: u = U 0 + v = U 0 (x)ĵ + v = −xAĵ + v. Without loss of generality, we assume A > 0.
To calculate the turbulence amplitude (or kinetic energy growth) and the turbulent viscosity, we need to solve the equation for the fluctuating velocity field. We resort to the quasi-linear approximation (Moffatt, 1978) where the product of fluctuations is neglected to obtain the following equations for the evolution of the fluctuating velocity field:
where p and f are respectively the small-scale components of the pressure and forcing. This approximation, also-known as rapid distortion theory (Townsend, 1976 ) is strictly valid only for two scale turbulence, with a spatial gap between a large-scale for the shear and a small scale for the fluctuating velocity, and for weak turbulence. However, it is likely to be valid in our case as the large-scale shear induces a weak turbulence, leading to weak interaction between small scales which is negligible compared to the (non-local) interaction between the shear and the small scales. This has in fact been confirmed by direct numerical simulations showing the validity of the predictions of quasi-linear theory with a constant-rate shear both in the non-rotating (Lee et al., 1990) and rotating (Salhi & Cambon, 1997) case. To solve equation (3), we introduce a Fourier transform with a wave number in the x direction evolving in time in order to compute non-perturbatively the effect of the advection by the mean shear flow (Goldreich & Lynden-Bell, 1964; Townsend, 1976; Kim, 2005) :
where k x (t) = k x (0)+k y At. From equations (3) and (4), we obtain the following set of equations for the fluctuating velocity:
A∂ τvy − Av x = −ik yp +f y + Ω(v z cos θ −v x sin θ) ,
Here, the new variablesv =ṽ exp[ν(k 2 H t + k x /3k y A)] and similarly forf and p have been used to absorb the diffusive term, and the time variable has been changed to τ = k x (t)/k y . In the remainder of the paper, we solve equation (5) for the fluctuating velocity (with a vanishing velocity as initial condition) in the case where the shear and the average rotation are perpendicular ( §3) or parallel ( §4). We then use these results and the correlation of the forcing (defined in §2.3) to compute the turbulence intensity and transport (defined in §2.2). We divide our study into four cases depending on the relative magnitude of the three characteristic frequencies in the problem: the diffusion rate (νk 2 ), the rotation rate Ω and the shearing rate A. We first consider the case of large (Ω ≫ A) and weak rotation (Ω ≪ A). For each of these cases, we consider the large (A ≫ νk 2 ) and weak (A ≪ νk 2 ) shear limits.
Transport of angular momentum
As the large-scale velocity is in the y direction, we are mostly interested in the transport in that direction. The large-scale equation for the y component of velocity U 0 is given by equation (1) with a supplementary term ∇ · R where R is the Reynolds stress given by:
To understand the effect of R on the transport of angular momentum, one can formally Taylor expand it with respect to the gradient of the large-scale flow:
where we introduced two transport coefficients Λ i and ν T . The effect of the turbulent viscosity ν T is simply to change the viscosity from the molecular value ν to the effective value ν + ν T . Note that rotation may give a negative turbulent viscosity, in which case the turbulent diffusion generates velocity gradients rather than smooths them out. In comparison, the first term in equation (7) is proportional to the velocity rather than its gradient. This means that it does not vanish for a constant velocity field and thus permits the creation of gradient in the large-scale velocity field. This term is the equivalent to the α effect in dynamo theory (Parker, 1955; Steenbeck & Krause, 1966) and has been known as the Λ-effect (Lebedinsky, 1941; Rüdiger, 1980) or anisotropic kinetic alpha (AKA)-effect (Frisch et al., 1987) . Symmetry property of equation (7) shows that Λ is a polar vector and thus must change sign when going from right-handed to left handed coordinates. This explains why this tensor cannot be present in purely isotropic turbulence but can exist for an helical turbulence [like the α-effect]. In the presence of rotation and anisotropy of the background medium, the turbulence is likely to be helical, possibly leading to Λ-effect.
Particle (or heat) transport
To study the influence of rotation and shear on the particle and heat transport, we have to supplement equation (1) with an advection-diffusion equation for these quantities. We here focus on the transport of particles since a similar result also holds for the heat transport. The density of particles N (x, t) is governed by the following equation:
where D is the molecular diffusivity of particle. Note that, in the case of heat equation, D should be replaced by the molecular heat conductivity χ. Writing the density as the sum of a large-scale component N 0 and small-scale fluctuations n (N = N 0 + n), we can express the evolution of the transport of chemicals on large-scale by:
where the turbulent diffusivity is defined as
Our study of turbulent transport of chemicals consists of deriving D ij T which, owing to rotation and shear, is likely to be highly anisotropic.
For simplicity, we limit our analysis to the case of a unit Prandtl number D = χ = ν. In that case, we can apply the transformation introduced in equation (4) to the density fluctuation n and obtain the following equation:
Equation (10) simply shows that the fluctuating density of particles can be obtained by integrating the fluctuating velocity in time.
External forcing
As mentioned in introduction, we consider a turbulence driven by an external forcing f . To calculate the turbulence amplitude and transport defined in §2.1 and §2.2, we need the two point correlation of this forcing (as all the quantities of interest involve quadratic functions of velocity and/or density). For simplicity, we prescribe this forcing to be short correlated in time (modelled by a δ-function) with power spectrum ψ ij in the Fourier space. Specifically, we assume:
for i and j = 1, 2 or 3. The angular brackets stand for an average over realisations of the forcing, and τ f is the (short) correlation time of the forcing. For most results that will be derived later, we assume an incompressible and isotropic forcing where the spectrum of the forcing is given by:
It is easy to check that in the absence of rotation and shear, this forcing leads to an isotropic turbulence with intensity:
where the subscript 0 stands for a turbulence without shear and rotation. In addition to an isotropic forcing, we will also consider an anisotropic forcing in §3.1.2 to examine the combined effect of rotation and anisotropy, which can lead to non-diffusive fluxes of angular momentum. Specifically, we consider an extremely anisotropic forcing with motion restricted to a plane perpendicular to a given direction g. The motion in this perpendicular plane is however assumed to be isotropic. Such a forcing can be modelled by the following power spectrum (Rüdiger, 1989) :
In that case, the turbulence without rotation or shear would have the following properties:
3 The perpendicular case (θ = π/2)
In this section, we study the combined effect on turbulence of global rotation and shear which are perpendicular to each other (see figure 1 ). For θ = π/2, the system (5) can be simplified to:
.
To solve the first of equation (16) which is a non-homogeneous second order differential equation, we need two boundary conditions. We impose v(τ 0 ) = 0 which impliesv x (τ 0 ) = 0 and (Gradshteyn & Ryzhik, 1965) . Two independent solutions are:
Here, b = β 2Ω (Ω − 1) is (up to the multiplicative constant β 2 ) the quantity introduced by Bradshaw (1969) (see discussion in the introduction). Figure 2 shows the evolution of these two functions as a function of τ .
Solutions for the other components of the velocity are obtained by using the last two equations of (16) :
for n = 1 or 2. Here, Y 1 and Y 2 are defined as:
The plots of Y 1 (τ ) and Y 2 (τ ) are shown in figure 3 . Figure 3 shows that the eigenfunctions diverge for τ → ∞ when b < 0. This is because shear flows in presence of rotation (perpendicular to the shear flow) is stable only for b > 0. This result agrees with Bradshaw (1969) and Salhi & Cambon (1997) . We can also notice that the solution with b > 0 always decays faster than that with b < 0.
Unfortunately, computations of correlation functions with this exact solution turns out to be too complex to be analytically tractable. To gain a physical insight into the problem, we consider the two regimes of the strong and weak (compared to shear) rotation limits, where approximate solutions can be derived and then be used for deriving analytic results for the correlation functions. 
Strong rotation limit: Ω ≫ A
When the rotation rate is much larger than shearing rate (Ω 0 = |Ω|/A ≫ 1), we can use a WKB approximation (Bender & Orszag, 1975) . After a long but straightforward algebra, the solution of equation (16) can be found as:
Here,
In the following subsections, we compute the various correlation functions by assuming a homogeneous and short-correlated forcing [see equation (11)]. As the system (16) involves the forcing in terms ofĥ 1 andĥ 2 only [see equation (17)], we define the power spectrum φ ij as:
for i and j = 1 or 2. In the case of an isotropic and incompressible forcing [equation (12)], φ ij in equation (23) can be written:
Turbulence intensity
Using equations (21) and (23), we obtain the following turbulence intensity in the x direction:
Here, a = k x /k y , β = k z /k y , γ = 1 + β 2 , ξ = A/(νk intensity in the two other directions can then be derived as:
Here:
In order to elucidate the effect of shear flow on rotating turbulence, we estimate the integral I p in equation (27) in the weak (ξ = νk 2 y /A ≫ 1) and strong (ξ ≪ 1) shear limits.
First, in the weak shear limit (ξ ≫ 1), the integral I p in equation (27) takes the approximate value:
By using equation (28) in equation (26), we can then obtain the following result for the turbulent intensity:
Performing the integration over the angular variable, we obtain:
and exactly the same expression for the turbulence intensity in the other two directions. These results indicate that, in the large rotation limit, the turbulence intensity is isotropic and equals to the one without rotation [see equation (13)]. This result is consistent with the result of Cambon et al. (1997) which showed that the anisotropy in rotating flows was induced by non-linear interactions and thus cannot be captured by a linear theory such as the one we used. However, in the presence of strong shear flows, the velocity amplitude is no longer isotropic, as shown below. Second, in the strong shear limit (ξ ≪ 1), the integral (27) take the following form
By plugging equation (31) in equation (26), we obtain:
to leading order in ξ ≪ 1. Note that in the calculation of v 2 x , we neglected the component proportional to a = k x /k y as it is odd in both k x and k y and thus vanishes after integration over the angular variables. equation (32) shows that the turbulence intensity is reduced due to the shear A but effectively stronger in the x direction than in the perpendicular one, by a factor of ln ξ. This shows that shear flow can induce anisotropic turbulence (unlike rotation) even when the forcing is isotropic. This results agree with the simulation of a Couette flow at high rotation rate (Bech & Andersson, 1997) where the velocity fluctuations perpendicular to the wall exceed that in the stream-wise direction. Furthermore, rapid rotation results in v 
Transport of angular momentum
In the case of an isotropic forcing, we obtain the following Reynolds stress from equations (21) and (23):
where I 1 was defined in equation (27) . In the following, we again consider the weak and strong shear limits.
First, in the weak shear limit (ξ ≫ 1), there is no contribution to leading order as the function I 1 is odd in a and thus vanishes after integration over the wave vector. We thus include one higher order in the expansion and obtain the following result:
Here, we defined a function J(k), which has the following asymptotic behaviour in the weak shear limit:
where ω 0 = ω 0 A/ γ + a 2 . Plugging equation (35) in equation (34) and performing the integration over the azimuthal angle variable φ, we obtain:
Finally, we change the integration variable from θ to ω 0 = Ω cos θ, obtaining the following formula:
Therefore, in the large rotation and weak shear limit, the Reynolds stress becomes purely diffusive (with no Λ-effect) with the following turbulent viscosity:
This result shows that the turbulent viscosity is positive and proportional to Ω −1 for large Ω. It is worth comparing equation (38) with equation (22) in Kichatinov (1986) . To this end, we use equation (13), which gives the turbulence amplitude without rotation (the original turbulence of Kichatinov) in equation (38) to obtain the turbulent viscosity ν T ∼ π v 2 0 /64|Ω|. Thus ν T in equation (38) is the same as equation (22) in Kichatinov (1986) for |Ω| ≫ 1 and θ = π/2, but has an opposite sign. In other words, we obtain ν T > 0 whereas Kichatinov (1986) 
In comparison, in the strong shear limit (ξ ≪ 1), the function I 1 in equation (27) has the following asymptotic behaviour for ξ ≪ 1:
Plugging equation (39) in equation (33), we obtain the turbulent viscosity in the strong shear limit as:
Equation (40) shows that the turbulent viscosity is negative (as F (k) > 0) in the strong shear limit, in sharp contrast to the weak shear limit where ν T > 0 [see equation (38)]. Furthermore, the magnitude of ν T is reduced only by the shear (∝ A −2 ) and is independent of rotation, which should also be compared to the weak shear limit [see equation (38) where ν T ∝ Ω −1 ]. Therefore, the turbulent viscosity changes from positive (for weak shear) to negative (for large shear) as the ratio of shear to dissipation increases. This result can be understood if we assume that, as in most rapidly rotating fluid, the inverse cascade is associated with the conservation of a potential vorticity (Pedlovsky, 1987) . In presence of strong shear (compared to dissipation), the potential vorticity is strictly conserved giving rise to an inverse cascade (negative viscosity). When the dissipation increases, the potential vorticity is less and less conserved and thus the inverse cascade is quenched. Our results show that there is a transition from inverse to direct cascade as the dissipation is increased. A similar behaviour is also found in two-dimensional hydrodynamics (HD) where an inverse cascade can be shown to be present only for sufficient weak dissipation (Kim & Dubrulle, 2001) .
The preceding results [equation (38) and (40)] indicate that in the large rotation limit where rotation dominates over shear, the momentum transport is purely diffusive for isotropic forcing, with opposite sign of turbulent viscosity for weak (ξ ≫ 1) and strong shear (ξ ≪ 1) for a fixed value of |Ω|/A (≫ 1). In the case of anisotropic forcing, there is however a possibility of the appearance of non-diffusive momentum transport (Λ-effect). To examine this possibility, we now consider an extremely anisotropic forcing (introduced in §2.3) where the forcing is restricted to horizontal plane (y-z), perpendicular to the direction of the shear. Using equation (14) with g ij = δ i1 , we obtain the following Reynolds stress:
Here, I 1 was defined previously in equation (27) and:
We again consider the weak and strong shear limits in the following. First, in the weak shear limit (ξ ≫ 1), equation (41) is simplified to:
Performing the angular integration in equation (43) and taking the large rotation limit, we obtain the following:
Equation (44) is odd in the rotation and thus represents the Λ-effect. Again, the latter favours the creation of velocity gradient rather than smoothing it out and can thus provide a mechanism for the occurrence of differential rotation (e.g in the sun). By using equation (15), one can see that the Λ-effect is proportional to the anisotropy in the turbulence without shear and rotation. This result shows that, in the large rotation limit, one needs anisotropic forcing to generate nondiffusive fluxes of angular momentum (as in the case without shear as shown Kichatinov, 1986 ). This should be contrasted to the case of weak rotation ( §3.2) where the shear can alone give rise to an anisotropic turbulence, thereby leading to a Λ-effect even with an isotropic forcing. Finally, in the strong shear limit, equation (41) becomes:
which is even in the rotation. Thus, the turbulent viscosity ν T is obviously positive. Thus, in the large shear limit (but still negligible compared to the rotation), anisotropic forcing does not induce any non-diffusive fluxes but just increases the magnitude of the negative turbulent viscosity.
Transport of particles
In this section, we show that in the large rotation limit (|Ω|/A ≫ 1), the transport of particles is mainly governed, to leading order, by rotation. By using equations (10), (21) and (23) and going through a similar long, but straightforward analysis as previously, we can obtain the turbulent diffusivities of chemicals:
, where:
The expression for D zz T is omitted here as it is very similar of that for D yy T . To compute the asymptotic behaviour of integrals (47), the distinction between large and weak shear is not necessary as, for ω 0 ≫ 1, these integrals can easily be evaluated to leading order as:
where ω 0 = ω 0 A/ γ + a 2 . In comparison, the functions µ p n vanish to leading order and are thus omitted here. By using equation (48) in equation (46), we obtain the following results:
Here, we have discarded all the terms which are odd in a (for example in D yy T , the terms proportional to C 1 and C 3 ) as they vanish after angular integration, which gives the following result:
Equation ( T are all reduced as Ω −1 for large Ω and also that there is only a slight anisotropy in the transport of scalar: the transport in the direction of the rotation is twice larger than the one in the perpendicular direction (Kichatinov et al., 1994) . This anisotropy is present in the transport of particles but not in the turbulence intensity [see equation (30)] because rotation affects only the phase between the different velocity components and not their magnitude. Note also that this anisotropy is much weaker than that in sheared turbulence without rotation (Kim, 2005) .
To summarise, this section shows how a shear flow can affect the turbulent transport when turbulence is largely dominated by rapid rotation (|Ω|/A ≫ 1). In particular, the results indicate that shear flow can induce a strong anisotropic turbulence [equation (32)] (with an effectively weaker turbulence in the direction of the shear), which would otherwise be almost isotropic [equation (29)].
Weak rotation limit: Ω ≪ A
In this section, we consider the case when shear dominates over rotation (|Ω|/A ≪ 1) to study how the rotation alters the transport properties in the sheared turbulence (studied in Kim, 2005 ). In the weak rotation limit, we expand quantities in powers of Ω 0 = |Ω|/A as:
and calculate the turbulence intensity and transport up to first order in Ω 0 . For the sake of brevity, we here just provide the final results of the calculation.
Turbulence intensity
By using the expansion in powers of Ω 0 and equation (23) and after a long, but straightforward algebra, we can obtain the turbulence intensity in the x direction as follows:
In the strong shear limit (ξ ≪ 1), the integrals L 0 and L 1 in equation (53) can be simplified:
Note that the second formula for L 1 in equation (54) was obtained by integration by part. Equation (54) clearly shows that L 1 is positive for all values of a (for a < 0, the negative part of the integral is always smaller than the positive one as the first term is odd in τ and the second one is an increasing function of a). Therefore, the turbulence intensity v 2 x in equation (52) increases for Ω > 0 whereas it decreases forΩ < 0. This can be understood from figure 2 which shows that the homogeneous solution decays faster as the parameter b is increased (recall that b = −β 2Ω in the weak shear limit). Therefore, we recover the conclusion of the stability analysis performed at the beginning of §3: a weak rotation destabilises sheared turbulence forΩ > 0 whereas it stabilises forΩ < 0.
Performing similar calculations for the other components of the turbulence amplitude, we obtain the following result in the strong shear limit (ξ ≪ 1):
Here, Γ is the Gamma function. Equation (55) shows that, here again, the turbulence amplitude is increased or decreased due to the weak rotation depending on the sign ofΩ. Furthermore, the correction now has a logarithmic dependence on the shear, contrary to the case of the amplitude in the shear (x) direction, which is independent of shear [equation (52)]. Therefore, the turbulence in the y − z plane is more affected by rotation than the one in the x direction. As a result, the turbulence due to shearing becomes less anisotropic. This illustrates the tendency of rotation to lead to almost isotropic turbulence. The results for v 2 y and v 2 y are very similar but, as k y and k z do not play symmetric roles, not exactly the same. For an isotropic forcing, the angular integration gives that v 2 y is larger than v 2 z . This effect appears at leading order and is thus only an effect of the shear that has already been evidenced by numerical simulations: the fluctuating velocity in the direction of the flow is larger than the one in the direction of the shear (Lee et al., 1990) . This should be contrasted to the result (32) in the case of rapid rotation, where we showed that the turbuence in the y-z plane was isotropic ( v 2 y = v 2 y ). This clearly illustrates the tendency of rotation to make almost isotropic turbulence.
In summary, in the case of a strong shear turbulence (A ≫ |Ω| and A ≫ νk 2 y ), the rotation can either enhance or reduce the turbulence amplitude, depending on the relative sign of the rotation Ω and shear A, and tends to reduce the anisotropy in sheared turbulence.
Transport of angular momentum
In the strong shear limit (ξ ≪ 1), the transport of angular momentum can be derived as:
ForΩ = 0, we recover the result of Kim (2005) that the turbulent viscosity is reduced proportionally to A −2 for strong shear. The correction due to the rotation is proportional toΩ and is odd in the rotation. This is the so-called Λ-effect, a non-diffusive contribution to Reynolds stress. It is important to emphasise that non trivial Λ-effect results from an anisotropy induced by shear flow on the turbulence even when the driving force is isotropic. This should be contrasted to the case without shear flow where non-diffusive fluxes emerge only for anisotropic forcing. A similar result was also found in §3.1.2 [see equations (38) and (40)]. This Λ-effect [the second term in equation (56)] is obviously of the same sign asΩ whereas the turbulent viscosity [the first term in equation (56)] can either be positive or negative, depending on the relative magnitude of the two terms inside the integral. In the two-dimensional limit or for a symmetric perturbation with k z = 0 (β = 0), we can easily show that the turbulent viscosity is negative. On the contrary, in the case of an isotropic forcing in three-dimensional, the turbulent viscosity is positive. This is in agreement with previous studies which showed that non-diffusive fluxes of angular momentum (Rüdiger, 1980; Kichatinov, 1986 ) are proportional to the anisotropy in the background turbulence. However, in our case, the anisotropy is not artificially introduced in the system but is created by the shear and calculated self-consistently.
Transport of particles
In the strong shear limit (ξ ≪ 1), we can compute the transport of particles nv i with the result:
Equation (57) shows that the effect of rotation on the transport of particles depends on the sign ofΩ: forΩ > 0, the transport is increased whereas it is reduced forΩ < 0. Again, this is because a weak rotation destabilises sheared turbulence forΩ > 0 whereas it stabilises forΩ < 0 (see figure 3 and the discussion at the beginning of §3). Note that a similar behaviour was also found in turbulence intensity, given in equations (52) (57) depends weakly on the shear by a logarithmic factor | ln ξ|, which cannot be too large even for ξ = νk 2 y /A ≪ 1, and is of the same order for transport in different directions. Thus, the scaling of the turbulent diffusivity is roughly the same as in the case without rotation: the transport in x direction is more reduced (by a factor A −2 ) than the one in the y − z plane (by a factor A −4/3 ). This result should be contrasted to the large rotation case where the transport in the shear (x) direction was larger (by a factor 2) than the one in the perpendicular direction. These results highlight the crucial role of shear in transport, in particular in introducing anisotropy.
To summarise, in the slow rotation limit, where turbulence is mainly regulated by shear flow, the turbulence intensity [equations (52) and (55)] and transport [equation (57) ] are shown to be strongly anisotropic due to shear flow while they are slightly enhanced or reduced by rotation forΩ > 0 orΩ < 0, respectively, to next order. The strong anisotropic turbulence was shown to give rise to a Λ-effect for momentum transport [equation (56)] even for an isotropic forcing.
The parallel case (θ = 0)
We now study the case where the shear and the rotation are parallel as depicted in figure 4. Setting θ = 0 and rearranging (5) in order to eliminate the pressure terms, the three remaining equations can be written:
Here again, β = k z /k y , γ = 1 + β 2 = k 2 H /k 2 y andΩ = Ω/A. We first study the stability of the homogeneous solution in the long time limit. Settingĥ 1 =ĥ 2 = 0 in the first equation of (58), the long time behaviour (for τ ≫ |β/Ω|) is given by:
Making the change of variable x = γ + τ 2 and lettingv x (τ ) = h(x)/x, the equation for h becomes
Two independent solutions to equation (60) are given by a Bessel function of the first kind J 1 (|Ω|x) and of the second kind Y 1 (|Ω|x). Thus, the general solution of equation (59) can be written as:
for large time. It is then easy to see thatv x (τ ) → 0 as τ → +∞. We can also show (see Appendix A for details) that the other two components of the velocity vanish for large time. Consequently, the configuration is always linearly stable. Furthermore there is no effect at all of rotation on the stability of shear flows in this configuration.
To calculate the turbulence amplitude and transport, the first equation in equation (58) is to be solved with initial conditions:v x (τ 0 ) = 0 and ∂ τvx | τ =τ0 = h 1 (τ 0 )/(γ + τ 2 0 )A. Unfortunately, we were unable to find an exact solution of equation (58) in the general case. Thus, to gain a useful insight into the problem, we here focus on the three simplified cases where approximate solutions can be found: the large rotation limit in §4.1 where we find a WKB solution of equation (58), the weak rotation limit in §4.2 and finally, in §4.3, we consider the symmetric perturbation (with β =0) to find an exact solution. As the results of the two first sections are very similar to the perpendicular case ( §3), we here just show the differences because of the different configuration of shear and rotation.
Large rotation limit: |Ω| ≫ 1 (and a > 0)
For |Ω| ≫ 1, we seek for a WKB solution of the first equation in equation (58). However, since this approximation breaks for τ = 0, we assume that the initial value is positive (τ 0 = a > 0) to make our solution meaningful. In §4.3, we study an exactly solvable case and show that the solution can be altered by negative initial value (τ 0 = a < 0). Assuming τ 0 = a > 0, we obtain the following solutions for the three components of the velocity for |Ω/A| ≫ 1:
Due to the similarity between equation (62) and equation (21) obtained in the perpendicular case in §3.1, the turbulence amplitude can easily be shown to be the same as that of equation (26). Similarly, the turbulent viscosity is the same as previously [see equation (33)] with a negative eddy-viscosity in the strong shear limit. In the weak shear limit, however, the next order term is odd in β and thus vanishes for an isotropic forcing, giving no contribution to the eddy-viscosity. Consequently, the eddy viscosity vanishes to leading order (for rotation and shear parallel) in the weak shear limit. Also, the transport of particles is the same as previously [see equation (50)] both in the strong and weak shear limit.
Weak rotation limit: Ω ≪ A
In the weak rotation limit, we expand all the quantities in powers of Ω 0 as:
Contrary to the perpendicular case, we find that the leading order correction (proportional to Ω 0 ) vanishes in the case of an isotropic forcing (because these terms are odd in β) for all the previously calculated quantities. However, the component of the Reynolds stress involving the velocity component v z does not vanish and is odd in Ω. Thus, the Λ-effect appears here in the other component of the Reynolds stress Λ z (recall that in the perpendicular case, the Λ-effect was present only in v x v y ), in the form:
(65) Equation (65) shows that the sign of Λ z is indefinite (as both signs appear in the prefactor (3β 2 −1). However, as for equation (56), in the case of an isotropic forcing, the term proportional to β 2 dominates, making Λ z negative. This Λ effect appears due to the anisotropy between the y-and the z-components of the velocity, due to the shear (alone) as shown in §3.2.1
Symmetric perturbation (β = 0)
In this section, we consider a symmetric perturbation with k z = 0 by assuming a forcing that is symmetric in the z direction. For β = k z /k y = 0, the homogeneous part of the first equation in (58) becomes:
This equation is the same as the one we obtained for the study of the stability of the configuration where the shear and the rotation are parallel [see equation (59) with γ = 1]. Solutions of the homogeneous problem are thus Bessel functions. Using the method of variation of parameters, we can then express the general solution of the first equation to (58) as:
Here again, Ω 0 = |Ω|, χ = sign(Ω); and L np are defined by:
(68) The second equation of system (58) can then be used to obtain the other components of the velocity in the form:
and a similar expression forv y (τ ). We can now use equations (67) and (69) (67) and (69) are exact solutions valid for all values of Ω 0 .
Turbulence amplitude
From equations (67) and (69), we can easily obtain the turbulence amplitude as:
Here, for simplicity, we considered only an isotropic forcing, given by equation (24), and defined the following integrals:
Here, L np 's are given by equation (68). We now consider the strong shear limit: ξ = νk 2 y /A ≪ 1. As both Bessel functions becomes as (1 + τ 2 ) −1/4 (up to a trigonometric functions) for large τ , the first two integrals converge as ξ → 0. Thus, it is sufficient to put ξ = 0 in X 1 and X 2 in equation (71) to obtain the leading order behaviour for ξ ≪ 1. In comparison, the integrand of X 3 and X 4 behaves as 1/τ for τ ≫ 1, giving a contribution of order ln ξ to leading order.
We now examine the turbulence amplitude in the large rotation limit: Ω 0 ≫ 1. To do so, we use the asymptotic behaviour of the integrals (71) derived in appendix B.1.2. Using equations (91) and (93) in equation (70), we obtain the following leading order contribution of the turbulent amplitude:
Thus, the turbulence amplitude is larger in the y − z plane than the one in x direction by a logarithmic factor. Moreover, equation (72) shows that the turbulence amplitude does not depend on the rotation rate in the large rotation limit, being quenched only by shear. In particular, v 2 y = v 2 z . These results are the same as in the case where the shear and the rotation are perpendicular [see equation ((26) ] and thus agree with the WKB solution in the previous section.
Turbulent transport of momentum
We now calculate the turbulent viscosity ν T defined by (67) and (69), we can derive the Reynolds stress in the case of an isotropic forcing:
where,
Here, L np 's are again given by equation (68). Note that the expression for the transport of angular momentum [equation (73)] is the same as that of v 2 x [equation (70)] except for the multiplicative factor of −τ . This is simply because, for β = 0, the incompressibility condition imposesv y = −τv x . By using the asymptotic behaviour of Bessel functions for large argument, we see that the two integrals X 5 and X 6 in equation (74) can be evaluated in the strong shear limit by just putting ξ = 0. Consequently, the turbulent viscosity is of order A −2 for any value ofΩ.
In the large rotation limit (Ω 0 ≫ 1), we can estimate the integrals (74) and obtain the following turbulent viscosity:
Equation (75) shows that the turbulent viscosity does not depend on rotation in the large rotation limit and is obviously negative. Note that this result is the same as in the perpendicular case [see equation (40)] and, thus again, agrees with the WKB solution found previously.
Particles transport
The fluctuating concentration of particles can be obtained by integration of the fluctuating velocities (67) and (69) [see equation (10)]. Then, the diagonal part of turbulent diffusivity can be obtained as:
Here, we defined integrals P i which all have the following form:
for i = 1 to 4. The functions F i (τ )'s are defined by:
In the large rotation limit (Ω ≫ 1), the F i 's are oscillating functions. Thus, to evaluate integrals (77) in the strong shear limit (ξ ≪ 1), we can not simply put ξ = 0 in equation (77) as is explained in the appendix B.3. A careful analysis (see appendix B.3) then gives us the following expression in the limits of strong shear (ξ ≪ 1) and large rotation (Ω 0 ≫ 1): Table 1 : Summary of our results obtained both for the perpendicular and parallel cases in the strong shear limit. In the perpendicular case, the rotation is in the z direction whereas it is in the x direction in the parallel case. In both cases, the shear is in the x direction. The C symbol stands for an additional constant of order 1.
The transport of particles in equation (79) involves two contributions, both of which scale as Ω −1 for rapid rotation. The first contribution comes from the integration by parts and has to be kept only because ω 0 can vanish for a = 0 while the second comes from the stationary point in the integration (see appendix B.3 for details). Note that the ratio of the second term to the first one is equal to νk 2 /A ∼ ξ. Consequently, in the strong shear limit (ξ ≪ 1), the first term dominates. Thus, the transport of particles is the same as the one found with the WKB analysis (see §4.1).
To summarise, in this section, we solved equation (58) exactly for β = 0 and compared the results with the WKB analysis performed in §4.1 (which is valid only for a > 0). The results being the same, the conclusions reached from WKB analysis remain valid even if a ≤ 0.
Discussion in the strong shear limit
In §3 and §4, depending on the values of the parameter ξ = A/(νk 2 y ), we considered two regimes: the strong shear (ξ ≪ 1) and the weak shear limits (ξ ≫ 1). As the quasi-linear analysis is likely to be valid for sufficiently strong shear, we here summarise and discuss the results obtained in the limit of strong shear. Table 1 summarises our findings by highlighting the dependence of these quantities on the shearing rate A and the rotation rate Ω (or their ratio,Ω = Ω/A). In the following, we discuss these results.
Stability of rotating shear flows
Our first result concerns the stability of shear flows in the presence of rotation. In the case where the rotation is perpendicular to the plane of the fluid motion (see figure 1) , we recovered the Bradshaw criterion (Bradshaw, 1969) . In our notation, it states that the configuration is unstable if B = −Ω(1 −Ω) < 0 or, equivalently, ifΩ = Ω/A lies in the interval [0 , 1] . This result has already been reported by many authors, who showed not only that the maximum destabilisation occurs forΩ = 1/2 but also that the there is an important asymmetry with respect toΩ = 1/2 which is not included in the Bradshaw criterion (Speziale & Mhuiris, 1989; Cambon et al., 1994; Salhi & Cambon, 1997) . This is because Bradshaw criterion can be recovered by a pressure-less analysis while the effect of pressure is to destroy this symmetry. We can easily show this asymmetry with respect toΩ = 1/2 in our results: even if the equation (18) for the x-component of the velocity is symmetric with respect toΩ = 1/2 (as it depends only on b = −β 2 B), equation (19) for the other components of the velocity are not because of the term proportional toΩ − 1. In the parallel case (see figure 4) , we found that the system was stable regardless of the values of shear and rotation.
Turbulence amplitude
The first two rows of Table 1 show that the turbulence amplitude in the direction of the shear (x) is more reduced by the shear than in the perpendicular one. This is true both for the large rotation limit, where they scale as ξ 0 and | ln ξ| (recall that ξ = νk 2 y /A ≪ 1) respectively, and for the weak rotation limit, where they scale as A −1 and A −2/3 respectively. These results thus imply an effectively stronger turbulence in the plane (y-z) than in the x-direction. This anisotropic reduction of turbulence amplitude is mainly due to the shear which increases the dissipation (anisotropically) by efficiently creating small-scale fluctuations in the x-direction. Furthermore, the turbulence amplitude is affected by the rotation only in the case where the rotation is perpendicular to the shear flow and in the weak rotation limit. This is because rotation affects the stability of shear flows only in this case, as mentioned previously. Here we recover the Bradshaw criterion: forΩ ≪ 1, a positiveΩ tends to destabilise the turbulence (the kinetic energy is increased) whereas a negative value tends to stabilise the turbulence. For Ω ≪ A, the effect of rotation on turbulence is weakly anisotropic, suppressing the turbulence in the y − z plane more than the one in the x-direction by a factor of ln ξ. As a result, the anisotropy due to shear flow is weakened by rotation. This reflects the tendency of rotation to lead to almost isotropic turbulence.
Transport of angular momentum
The transport of angular momentum was found to involve two contributions: the turbulent viscosity ν T and the Λ-effect. The former is a diffusive transport making the effective viscosity to ν T + ν (ν is the molecular viscosity) while the latter is a non-diffusive momentum transport. Our results show that the turbulent viscosity does not depend on the relative orientation of the shear and rotation. We also found a transition from a negative viscosity, for large rotation, to a positive viscosity, for weak rotation. This shows the influence of rotation to favour transfer of energy from small-scales to large-scales (inverse cascade). In comparison, the Λ-effect is a source of non-diffusive flux and prevents a uniform rotation to be solution of the averaged Reynolds equation. This term is present with an isotropic forcing in contrast with the case without shear where a source of anisotropy in the system is necessary for such an effect to appear. This is due to the fact that, even for an isotropic forcing, the shear induces anisotropy in the system as shown here and by Kim (2005) . In the case of an anisotropic turbulence, it was shown that the Λ-effect was proportional to the anisotropy in the velocity field (Kichatinov, 1986; Rüdiger, 1989) . Here, in the perpendicular case, we found that the Λ-effect scales as A −2 | ln ξ| whereas the anisotropy in the velocity amplitude is given, at leading order, by A −4/3 . Consequently, the Λ-effect is smaller than the anisotropy in the turbulent velocity amplitude. This is because the anisotropy is not simply given here but has to be induced selfconsistently by the shear during the evolution. Consequently, the anisotropy does not remain the same at all time and the resulting Λ-effect is smaller than the anisotropy in the velocity amplitude for large time. One can also note that the magnitude of the Λ-effect is not the same in the two cases. In the parallel case, it scales as A −4/3 while, in the perpendicular case, it scales as A −2 | ln ξ|. Thus, the effect is larger in the parallel case than in the perpendicular case.
Transport of scalar
In the case of rapid rotation, we found that the transport of scalars is mainly governed by the rotation, scaling as Ω −1 in all directions. The transport in the direction parallel to the rotation is twice larger than the one in the perpendicular direction (see equation (50) and Kichatinov et al., 1994) with a slight anisotropy. However, in the weak rotation limit, the transport of chemical species is reduced by shear with a stronger reduction in the direction parallel to the shear than in the perpendicular one (by a factor A −2 and A −4/3 respectively). Furthermore, there is a (weak) reduction due to rotation but only in the perpendicular case. These results are consistent with the calculations of Brethouwer (2005) as the anisotropy in the transport of particles is the same as that in the turbulent intensity. This is because, in the quasi-linear approximation, the rotation favours isotropy with the anisotropy of both quantities being caused by the shear only.
Effect of a bounded domain
In the calculation of all the turbulent coefficients in the weak shear limit (ξ ≫ 1) and also of the transport of particles in the strong shear limit (ξ ≪ 1), we obtained a result proportional to the following type of integral:
where ω 0 = (Ω · k)/k is the projection of the unit vector in the direction of the wave number on the rotation axis. When the domain of integration is unbounded, the integration over the angular variable gives this integral proportional to Ω −1 , when the rotation rate Ω is sufficiently large [see equation (36) (37) (38) for details]. This is because this integral involves some contribution of order 1 (when Ω · k = 0) and others of magnitude Ω −2 .
However, in most practical applications, the domain of integration in Fourier space is bounded. Thus there is a minimal wavenumber (corresponding to a maximum length, for instance the size of the box) in the direction of the rotation that we call k m = min(k x ). The preceding scaling in Ω −1 is valid when ν 2 k 6 ≫ Ω 2 k 2 m . In the opposite case, the term ω 0 2 in equation (80) is always dominant and we thus expect this integral to behave as Ω −2 for large rotation rate.
Comparison with stratification
It is well known that compressibility can inhibit mixing and reduce energy amplification produced by a large-scale shear (see Simone et al., 1997, and references therein) . Furthermore, the analogy between rotating and stratified flows (Greenspan, 1968) , which has been used by Bradshaw (1969) to derive his criterion, can be used to comment on the case with shear and stratification. Salhi (2002) has shown that, by the normal analysis, the perpendicular case (studied here) is equivalent to the case with a stratification in the x-direction (except when Ω · k = 0). Thus, the stratified case in the x-direction is expected to be very similar to the case where the rotation is perpendicular to the plane of the flow. Indeed, in that case, we found ) that the scaling of the turbulent intensity and the turbulent viscosity do not depend on the Brunt-Vaïsälä frequency N (which characterises the intensity of the stratification and thus plays the same role as Ω in the rotating case) and have the same scalings as those given in the first column of Table 1 . also found that the transport of scalar was reduced proportional to N −2 , which corresponds to the case discussed in §5.5.
Conclusion
In this paper, we have performed a thorough investigation of the combined effects of shear and rotation on the structure of turbulence. While both rotation and (stable) shear flow tend to regulate turbulence, there are important differences in their effects, which should be emphasised. Rotation, by exciting inertial waves, tends to reduce turbulence transport more heavily than turbulence amplitude while shear flows reduce both of them to a similar degree. That is, rotation (or waves) quenches the cross-phase (normalised flux) more than shear flow does (Kim & Diamond, 2003; Kim, 2006) . Furthermore, in sharp contrast with rotation, shear flow induces a strong anisotropic turbulence and transport (e.g. momentum transport, chemical mixing, etc.). On the other hand, rotation acting together with shear flow is shown to give rise to a novel, non-diffusive flux for momentum transport (the so-called Λ-effect) which transfers energy from the fluctuating velocity field to the large-scale flow. In comparison, the eddy viscosity from the diffusive part of momentum transport is found to be negative for strong shear and rotation.
These results can have significant implications for astrophysical and geophysical systems. In particular, the Λ-effect and/or negative viscosity can provide a mechanism for the generation of ubiquitous large-scale shear flows, which are often observed in these objects. Furthermore, the anisotropic mixing of scalars should be taken into account in understanding the surface depletion of light elements in stars (Pinsonneault, 1997) .
Finally, we note that numerical confirmation of our prediction as well as the extension of our work to three-dimensional magnetohydrodynamics with rotation remain important problems, and will be addressed in future publications.
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A Decay of the homogeneous solution in the parallel case
In §4, we have seen that for sufficiently large τ , the solution of the first equation of equation (58) can be written:
Here, the two constants can be calculated at a given time τ c that is large enough (τ c ≫ |β/Ω|) in the form:
where we defined the new coefficients:
Then, we can use the second equation of (58) to obtain the velocity in the z-direction for large time (for τ ≫ |β/Ω|) as:
Here, χ is the sign ofΩ. equation (84) shows that the velocity in the z-direction tends to approach a finite limitv z (+∞) as τ → +∞. To calculate this limit, we need to calculate the term in large square brackets in equation (84) for t = τ c . In the following, we call this term E. Plugging equation (82) in the E, we obtain the following:
Finally, using this result, we can obtainv z (+∞) as follows:
because of incompressibility. Then, by incompressibility,v y → 0 when τ → +∞.
B Asymptotic expansion of integrals
In §4.3, we took a large shear limit(ξ ≪ 1) and obtain equation (70) for the turbulence intensity, equation (73) for the transport of angular momentum, and equation (76) for the transport of particles in terms of integrals involving Bessel functions of an argument depending on the rotation. We here derive asymptotic behaviour of these integrals to simplify our results.
B.1 Non Oscillating integrands
For non oscillating integrands, it is sufficient to put ξ = 0 in the integrals to find the large shear limit (the resulting integral converges as ξ → 0). Here, we provide asymptotic behaviour of the following integrals for small or large Ω 0 :
Here L np 's are given by equation (68) B.1.1 Small rotation limit (Ω 0 ≪ 1)
To calculate X 1 and X 5 , one can use the asymptotic expansion of the Bessel functions and readily obtain: .
If we apply the same strategy to the calculations of X 2 and X 6 , the resulting expression would not be integrable so we have to calculate it otherwise:
B.1.2 Large rotation limit (Ω 0 ≫ 1)
Using the Bessel asymptotic behaviour for large argument, we obtain the following formula for the first integral: ans similarly for the other three integrals. Finally, we obtain the following asymptotic behaviour for the four integrals (87):
X 5 ∼ X 6 ∼ 2 π 2 Ω 2 0 1 1 + a 2 .
B.2 Logarithmic divergence
As noticed in §4.3.1, there is a logarithmic divergence arising in the calculation of X 3 and X 4 . We here calculate this divergence in the case of a fast oscillation. Following Kim (2005) , we change the integration variable from τ to y = 2ξτ 3 /3, replace the Bessel function by the expression valid for large argument (ξ ≪ 1), and then obtain the following, to leading order in ξ: We see that as ξ tends to zero, the integrand in equation (92) becomes proportional to 1/y, giving a contribution of the order ln ξ.
In the large rotation limit (Ω 0 ≫ 1), we replace the Bessel functions by their asymptotic behaviour to obtain: to leading order in ξ ≪ 1. Following the same analysis, we find the same asymptotic behaviour for X 4 .
B.3 Oscillating integrands
The calculation of the transport of particles involves the computation of double integrals of the type:
where the functions F contains an oscillating functions. We here derive the asymptotic behaviour of this integral with F (t) = f (t) cos[Ω 0 φ(t)] and the phase given by φ(t) = √ 1 + a 2 − √ 1 + t 2 . The difficulty associated with the calculation of such integral is the presence of a point of stationary phase t = 0 where the integral cannot be done with an integration by part.
For a > 0, the point of stationary phase is never reached and then, the first integral can be approximated, for Ω 0 ≫ 1, as:
Using this approximation, P can be computed with the following result:
Note that the result is the same as in the perpendicular case where the integral defining the transport of particles does not involve any stationary point. For a < 0, the behaviour of the integral I(τ ) is affected by the stationary point in the vicinity of τ = 0. We can however find an approximation as: 
The first contribution comes from the integration by part (and as the result is odd in τ , the contributions from −1/ √ Ω 0 and 1/ √ Ω 0 cancel out). The second contribution (of order Ω −1 0 ) comes from the stationary point. Both contributions have to be kept as the first one can be important if |ω 0 a| ≪ 1.
For a = 0, the stationary point counts twice as less, so the approximation becomes:
In that case, the contribution from the stationary point cancels out as I(0) = 0. Therefore, for a = 0, the only contribution comes from the end point of the integration and is the same as for a > 0 [see equation (96)]. Performing the same procedure when F (t) = f (t) sin[Ω 0 φ(t)], we obtain the following result: 
